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Preface 


"Life is good for only two things, discovering mathematics and teaching mathematics." 


S. Poisson 


Bat dang thuc la mot trong linh vuc hay va kho. Hien nay, co kha nhieu nguoi quan tam den no boi no thuc 
su rat don gian, quyen ru va ban khong can phai "hoc vet" nhieu dinh ly de co the giai duoc chung. Khi hoc 
bat dang thuc, hai dieu cuon hut chung ta nhat chinh la sang tao va giai bat dang thuc. Nham muc dich kich 
thich su sang tao cua hoc sinh sinh vien nuoc nha, dien dan mathsvn da co mot so topic sang tao bat dang 
thuc danh rieng cho cac ca nhan tren dien dan. Tuy nhien, cac topic do con roi rac nen ta can mot su tong 
hop lai thong nhat hon de cho ban doc tien theo doi, do la li do ra doi cua quyen sach nay. Quyen sach duoc 
trinh bay trong phan chinh bang tieng Anh voi muc dich giup chung ta ren luyen them ngoai ngu va co the 
gioi thieu no den cac ban trong va ngoai nuoc. Mac du da co gang bien soan nhung sai sot la dieu khong the 
tranh khoi, rat mong nhan duoc su gop y cua ban doc gan xa. Moi su dong gop y kien xin duoc gui ve tac 
gia theo: babylearnmath@yahoo.com. Xin chan than cam on! 


Quyen sach nay duoc thuc hien vi much dich giao duc, moi viec mua ban trao doi thuong mai tren quyen 
sach nay deu bi cam neu nhu khong co su cho phep cua tac gia. 
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Preface 


Chapter 1 


Problems 


"Each problem that I solved became a rule, which served afterwards to solve other problems." 


R. Descartes 


1. Given a triangle ABC with the perimeter is 2p. Prove that the following inequality holds 


a b Cc b+e c+a a+b 
+ + = + 
p-@ p-b pe p-a p—b p-c 


2. Let a,b,c be nonnegative real numbers such that a? + b* + c? + abc = 4. Prove that the following 
inequality holds 


C4427 >07P 4h 4a’. 
3. Show that for any positive real numbers a,b,c, we have 
&+h+c0+6abe > Vabc(a+b +c)’. 
4. Let a,b,c be nonnegative real numbers with sum 1. Determine the maximum and minimum values of 
P(a,b,c) = (1 +ab)? + (1 +c)? + (1+ca)’. 
5. Let a,b,c be nonnegative real numbers with sum 1. Determine the maximum and minimum values of 
P(a,b,c) = (1 —4ab)? + (1—4bc)? + (1 — 4a)’. 


6. Let a,b,c be positive real numbers. Prove that 


bt+e cta a+b\? 1 1 1 
( - 5 + ; ) > H(ab-+0e+e0) (5+ +3): 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Problems 


. Let a,b,c be the side of a triangle. Show that 


Vi(at+b)(ate)Vb+c—a>4(a+b+c)V/(b+e—a)(c+a—b)(a+b—c). 


cye 


. Given a triangle with sides a,b,c satisfying a* +b? +c* = 3. Show that 


a+b b+c , cta 
Jatb—c Vbtc—a Veta—b~ 


. Given a triangle with sides a,b,c satisfying a* +b? +c* = 3. Show that 


a b c 
+ ! >3 
Vb+c—a Veta—-b Vatb—c 


Show that if a,b,c are positive real numbers, then 


| 


a si b c Se 2abc 
a+b’ b+ce'cta~ (a+b)(b+c)(c+a) 


Show that if a,b,c are positive real numbers, then 
a \7 Bo? c a 2s a’b+b*c+c?a—3abe 
a+b) '\b+c) ° \cta) —4° (a+b)(b+c)(e+a) ° 


Let a,b,c be positive real numbers. Prove that 


@+P)P+eV(e+a)  (P+P +e 2 
8a2b2c? ~ \ab+be+ca 


Let a,b,c be positive real numbers. Prove the inequality 


(b+ce)? 
a(b+c+2a) 


(c +a)? (a+b) 
b(c+a+2b) | cla+b+2c) ~~ 


Let a,b,c be positive real numbers. Prove the inequality 


(b+ce) 2: (e+a)’ ‘ (a+b) . ( b+e | e+e a+b ) 


a(b+c+2a) | b(e+a+2b) © c(a+b+2c) ~~ \b+ce+2a' cta+2b | at+b+2c 


Let a,b,c be positive real numbers. Prove that 


(b+c) (e+a)’ (a+b)? oD ge se 
a(b+c+2a) | b(cta+2b) | c(atb+2c) ~~ \b+e ' cta’ a+b)’ 


Let a,b,c be positive real numbers. Prove that 


PP+he+cea > (b+c—a)(ct+a—b)\(a+b—c)(a +b? +c?). 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


If a,b,c are positive real numbers such that abc = 1, show that we have the following inequality 


3 3 3 a b Cc 3 
at+b+c> + t Fa. 
—~ b+e ct+ta a+b 2 


Given nonnegative real numbers a,b,c such that ab + bc+ca-+abc = 4. Prove that 


a+b? +4+c*4+2(at+b+c)+3abe > 4(ab+ be +ca). 


Let a,b,c be real numbers with min {a,b,c} > ; and ab+ bc +ca = 3. Prove that 


a+b+4+c+49abe > 12. 
Let a,b,c be positive real numbers such that a7b* + b?c* +.c2a? = 1. Prove that 
(a* +b? +c?) +.abey/ (a2 +b? +c2)3 > 4. 


Show that if a,b,c are positive real numbers, the following inequality holds 


(a+b+c)(ab+be+ca) + (ab+be+ca)? > 4abc(a+b+c)?. 


Let a,b,c be real numbers from the interval [3,4]. Prove that 


(atb+c) (2 or =) >3(a +b? +e). 


Cc a 


Given ABC is a triangle. Prove that 


8 cos” A cos” Bcos* C + cos2A cos2B cos 2C >0. 


Let a,b,c be positive real numbers such that a+b+c =3 and ab+bc+ca > 2max {ab,bc,ca}. Prove 
that 
CAV ACSA RARPCLCH. 


Problems 


Chapter 2 


Solutions 


"Don't just read it; fight it! Ask your own questions, look for your own examples, discover your 
own proofs. Is the hypothesis necessary? Is the converse true? What happens in the classical 
special case? What about the degenerate cases? Where does the proof use the hypothesis?" 


P. Halmos, J Want to be a Mathematician 


Problem 2.1 Given a triangle ABC with the perimeter is 2p. Prove that the following inequality holds 


a b c b+c c+a a+b 
+ + > + 
p-a p-b p-c p-a p-b pr-c 


Solution. Setting x = p—a,y = p—bandz=p-—c, thena=y+z,b=z+x and c=x+y. The original 


inequality becomes 
pee ee TEP foe 24 E nas 
x y Zz x y Z 


By AM-GM Inequality, we have 


It follows that 


( Weare i/ 24x 2) UAE PTR ees 
x y Z x y z 


We have to prove 


18, 


x y Z 


(He z+x , “te STF A a EY | 
x y Z 


6 


or equivalently, 
Vz Z+Xx x+y $e 
x y Zz 
which is obviously true by AM-GM Inequality. 
Equality holds if and only ifa =b=c. 


Solutions 


Problem 2.2 Let a,b,c be nonnegative real numbers such that a* + b* +c? + abc = 4. Prove that the fol- 


lowing inequality holds 
CAP LC SEE EOC Ka. 
Solution. From the given condition, we see that there exist x,y,z > 0 such that 
2x b 2y 2z 
—————_——., = ———————.,, c= —————.. 
(x +y)(x +z) (y+z)(y +x) (z+x)(z+y) 


Using this substitution, we may write our inequality as 


4y?2? 
Lemiers 2 Lore 2(x-+y)(x+2z)’ 


which is obviously true because 


Ay?2? <¥ ye(y+z)? = yz 


ez)? — (ez) Se rz) ey) ee) i eseneaest 


and 


He yz 
pe earenyeaes z eres 


cyc cyc 


Our proof is completed. Equality holds if and only if a=b=c=1 ora=b=y2,c 


permutations. 
Problem 2.3 Show that for any positive real numbers a,b,c, we have 
a+b>+c+6abe > Wabe(a+b+c). 
Solution I. According to the AM-GM Inequality, we have the following estimation 
6Vabe(at+b+cy < (at+b+cP+9Vabc2(a+b+e), 
which leads us to prove the sharper inequality 
6(a +b> +c + 6abc) > (at+b+c) +9VERC(atb+c), 

or 

5(a +b +03) — 3)\ab(a +b) +30abce > Vb (a+b+c), 


cyc 
From Schur’s Inequality for third degree, we have 


3(a° +b +c) —3)ab(a+b) + 9abe > 0, 


cye 


0 and its cyclic 


and we deduce our inequality to 
2(a° +53 +3) +2labe > Vb? (at+b+e), 
Again, the Schur’s Inequality for third degree shows that 
4(a3 +b? +03) + lSabe > (at+b+c)’, 


and with this inequality, we finally come up with 


(atb+c)> — 5abe + 42abe > 18V abc? (a+b +c), 


(atb+ce)> +27abe > 18V ab? (a+b +c), 
By AM-GM Inequality, we have that 


2(atb+c)>+54abe = (atb+c)+ [(a +b+0¢) + 27abe + 27abc] 
> (atbte?427IVeR2(atb+c) 
> 9VPRC2(atb+c)+27VeR(a+b+c) 


36VebPe(at+b+c). 


I 


It shows that 
(atb+e)>+27abe > 18V2B-(a+b+c), 


which completes our proof. Equality holds if and only ifa =b=c. 
Solution 2 (by Seasky). Since the inequality being homogeneous, we can suppose without loss of generality 
that abc = 1. In this case, the inequality can be rewitten in the form 


P(a,b,c) =@+b+46-(at+b+c) >0. 
We will now use mixing variables method to solve this inequality. Assuming a > b > c, we claim that 
P(a,b,c) > P(t,t,c), 


where t = Vab> 1. 
Indeed, we have 


P(a,b,c) —P(t,t,c) = 
(a3 +03 —2abVvab) (a? +b* —2ab) — 2c (a +b 2Vab) 


(a b)*(a+b) +ab (va vb) (a—by? 2e(va— vb) 
(va-vb) | (va-+ vB) (a+b~1) +ab—2e] 0s 


I 


I 


l| 


because : 
(Va+vb) (a+b-1) +ab—2c> 4(2-1)+1-2=3 >0. 


8 Solutions 


So, the above statement holds and all we have to do is to prove that P(t,t,c) > 0, which is equivalent to each 
of the following inequalities 
23 +4+c+46> (2t+c)*, 


1 ie 
2+2+6> (1+) ; 
t t 


2 4-6 Si Se OP £1/, 
UY br bi Sar qr 
OF 4 Sop 4p PE 0, 


(—1)° (207 205 +214 +285 +20 +2¢-+1) >0, 


which is obivously true because ¢ > 1. 


Problem 2.4 Let a,b,c be nonnegative real numbers with sum |. Determine the maximum and minimum 
values of 
P(a,b,c) = (1+ab)? + (1 +c)? + (1 +ca)?. 


Solution. It is clear that minP = 3 with equality attains when a = 1,b = c = 0 and its cyclic permutions. 


Now, let us find max P. We claim that max P = iw attains whena=b=c= 5; or 


1 
(1 +ab)* + (1 +bc)? + (1+ca)? < 10) 
27 
272 1 42,2 42,2 19 
ab + bc" +c’a" +2(ab+be+ca) < 57° 


1 
(ab + be +ca)* +2(ab + be +ca) — 2abe < 


4 
(ab+be+ca+1)* —2abe < _ 


According to AM-GM Inequality, we have 


4 
(ab+be+ca+1)?< 3 (ab +t be+ca+1). 
And we deduce the inequality to 


4 46 
3 (ab + be + ca +1) — 2abe < 57) 


1 
4(ab + be + ca) — 6abe < 


which is obviously true by Schur’s Inequality for third degree, 


1 
4(ab+ bce +ca) —6abe < (1+ 9abc) — 6abe = 1+3abe < 1+3- 79° 


With the above solution, we have the conclusion for the requirement is min P = 3 and max P = ”. 


Problem 2.5 Let a,b,c be nonnegative real numbers with sum 1. Determine the maximum and minimum 
values of 
P(a,b,c) = (1 —4ab)* + (1 —4bc)* + (1 — 4a)’. 


Solution (by Honey_suck). Notice that 
1>1-—4ab>1-(a+b)? >1-(at+b+c) =0. 
Hence 
(1 —4ab)? <1, 


and it follows that 
P(a,b,c) <14+14+1=3, 


which equality holds when a = 1,b = c = 0 and its cyclic permutions. And we conclude that max P = 3. 
Moreover,applying Cauchy Schwarz Inequality and AM-GM Inequality, we have 


1 
(1 —4ab)? + (1—4be)? +(1—4ca)?_ > 3 (1 —4ab +1 —4be + 1 —4ca)? 


1 
ae [3 —4(ab + be +ca)|’ 


2 
1 1 25 
> 4. = 
3 (3 3 ) 27 
with equality holds when a =b=c= ;. And we conclude that min P = 3. 
This completes the proof. 


Problem 2.6 Let a,b,c be positive real numbers. Prove that 


bt+e cta a+b\? 1 1 1 
(7 + 5 ; ) > A(ab-+be-+ea) (545+ =) 


Solution I. We can rewite the inequality as 


2 
> 4(ab+be+ca)(a?b? +b’? +7’). 


Ent +b) 


cyc 


Assuming that a > b > c, then using AM-GM Inequality, we have that 


4(ab+be+ca)(a?b? +b’? +0?a’) = 
16(a+b)*(ab+be+ ca) (a*b? + b?c* +¢7a?) 
4(a+b)? 
[(a+b)* (ab +be+ca) +4(a°b? +b’c? +7’) 3 
~ A(a+b)? 


It suffices to show that 


(a+b)?(ab+be+ca)+4(a?b? + b’c? +ca’) 


2ab(a+b) +2bce(b+c) +2ca(c +a) > 
a+b 


? 


10 Solutions 


AC REG pee aces 
2ab(a +b) +2c? (a+b) +2c(a? +b?) > (a+b) (ab+be +ca) 4 <2 toe tee) 


% 


4a?b* — 4c?(a? +b?) 


2 2 
> 
ab(a+b)+2c*(a+b)+c(a—b)° > aah ae 
4 2(a? +b? 
ab|a+b— 2 +c(a—b)? > 2c* ie ees ety ; 
a+b at+b 
ab(a—b)* Cae 2c*(a — b)* 
a+b a+b ”’ 
ab 2c? 
a+b ~~ a+b’ 
which is obviously true because 
2c? 2c? ab 
< + 


Gel ete) Fo Be 
The proof is completed and we have equality iffa = b=c. 
Solution 2. Similar to solution 1, we need to prove 


2 
> 4(ab+be+ca)(a?b? +b’? +7’). 


cyc 


Et +b) 


For all real numbers m,n, p,x,y,z, we have the following interesing identity of Lagrange 


2 2 


+ (nz— py)? +(px—mz)’. 


Now, applying this identity with x = Vab,y = Vbc,z = /ca,m = (a+b) Vab,n = (b+c)Vbc, and p = 
(c+a),/ca, we obtain 


(x? ye +27)(m? +n +p’) - (mx + ny + pz)’ = (my — nx) 


2 


= abcY\c(a— b)’. 
cyc 


(ab + bc + ca) Yiab(a +5) 


cyc 


= Eon +b) 


cyc 


Moreover, 
Yvab(a bb) —4(a bh bbe +¢a") =) ab(a—by’, 
cyc cye 


So, we may rewrite our inequality as 


(ab+bce+ca) 
cyc cyc 


Yiab(a +p = a 2 
2 
> (ab+bce+ca) 


Y\ab(a +b)? 7 
cyc cyc 


- Eon +b) 


(ab+be+ ca))\ab(a —b)?> abcYc(a =p), 
cyc cye 
Yah (a—b)* + abcY'(a+b—c)(a— b)* >0, 
cyc cyc 


11 


Yah (a—b)? + 2abc)\a(a—b)(a—c) > 0, 
cye cyc 


which is obviously true by Schur’s Inequality for third degree. 
Problem 2.7 Let a,b,c be the side of a triangle. Show that 


Vi(at+b)(ate)Vb+e—a>4(at+bt+e)V/(b te—a)(ct+a—b)(a+b—c). 


cyc 


Solution. The inequality can be rewritten in the form 


(a+b)(a+c) 
oe\/(eta—b)(at+b—c) — 


which is obviously true because 


(a+b)(a+c) (a+b)(a+c) 


oy cerrea) Cea a eC 


- pee Ca 
cyc 7 
be ca ab 
= 3(a+b+c) (~+5 ) 
> 4(a+b+c), 
where the last inequality is valid because 
OGIO OO pl +b +2)+ Bag 
bc 2c" 2b 2a" 2c) '°\ 2b" 2a 
> atb-+e. 


Equality holds iffa =b=c. 


Problem 2.8 Given a triangle with sides a,b,c satisfying a? + b* + c* =3. Show that 


a+b b+ec cta 
JVatb—c Vb+ce—a Veta—b~ 


Solution. Firstly, to prove the original inequality, we will show that! 


4a>(b+c—a) 4b*(c+a—b) , 4ci(atb—~c) 
(b+c)? ° — (e+a)? (a+b) ’ 


ab+be+ca> 


3 = 
y 2 4a’(b+c—a) 


Gaep >a +b? +c? —ab—be ca, 


cye 


'We may prove this statement easily by using tangent line technique, the readers can try it! In here, we present a nonstandard proof 
for it, this proof seems to be complicated but it is nice about its idea. 


12 Solutions 


a*(2a—b—c)? b*(2b—c—a)* c?(2c—-a—b)*_ 4 n. 9 
>a+b b—b ; 
(b+ep (e+ay Gaye a ee 


Without loss of generality, we may assume that a > b > c, then 


a 2 


(See = ray 


and (2a—b—c)* > (2b—c—a)’. 


Thus, using Chebyshev’s Inequality, we have 


@(2a—b—c) b2(2b—c—a\y 1 ga Be 
rer enah 23 [Grae t wrap] [OPP H@b—e- a7]. 
Notice that 
7 [(2a—b 6)? + 2b—c~a)"] ~ (a? ab +62) > (at b—20)? — (a+b), (2) 
And a ; b 2(a+b) 1 
(b+c)? © (eta)? ~ (a+b+2c)? = 2’ 
which yieds that 
1 a b 1 
2 [es ) (c+a) ; [(Qa—b-c)’ + (2b-e-a)’] > 
a+b) 
2 eae ;| [(2a b c)? + (2b-e—a)’| 
1f 2(a+b) 1 
< 4 ae ;| (a+b—2c)’. (3) 


From (1), (2) and (3), we obtain 


a’ (2a—b—c)* b*(2b—c—a)* 
(b+c)? (c+a)? 


Using this inequality, we have to prove 


(a+b)*(atb—-2c)? 1 


a+b)/(a+b—2c)? 1 


2 2 za 
anh) 2(at+b+2c)? 4X 


+b)? 4 +b 
2(a+b+2c)? 4 @) (a+b)? ee Chae D) 
2 oe _9¢)2 
(a+b)*(a+b—2c) ie (a+b—2c) > ve b—2e)?, 
2(a+b+2c)? (a+b)? 4 
(a+b)? ¢ 1 
> 

2(a+b+2c)? (a+b)? ~ 4’ 


which can be easily checked. Thus, the above statement is proved. 
Now, turning back to our problem, using Holder Inequality, we have 


2 3 
b+e (b+c 7 
(pts) ES] (Ee). 


13 


It follows that 


(z b+e es (zs) 


geVb+c—a 


Moreover, by AM-GM Inequality, we have 


Ee = \3(Z#) (Le) (Ze) 


3 
Yab+Yab+Ya2\? (x2) 


cyc cyc cye 


\3 3 9 


IA 
| 


Hence 


3 
2 4( Ya 
b+e (x ) 
(cae) = Lab a 


cyc 


Our proof is completed. Equality holds if and only ifa=b=c=1. 


Problem 2.9 Given a triangle with sides a,b,c satisfying a? + b* + c* =3. Show that 


a is b a Cc 
Vb+c—a Veta—b Vatb—c~ 


Solution (by Materazzi). Applying Holder Inequality, we obtain 


2 
a(b+c—a)| >(at+b+c). 
(Zope) [Eee )] > oro 


And we deduce our inequality to show that 


(at+b+c) > 9\'a(b+c—a), 
cyc 

(a+b+c)? > 9[2(ab+be +ca)—3]. 

Setting p=a+b-+e, then it /3 < p <3 and 2(ab+bc+ca) = p* —3. Thus, we can rewrite the above 
inequality as 

p> 9p —6), 
p> —9p’ +54>0, 
(3 —p)(18 + 6p — p*) > 0, 
which is obviously true. Equality holds if and only ifa =b=c=1. 


14 Solutions 


Problem 2.10 Show that ifa,b,c are positive real numbers, then 


IV 


a i b i c i 2abc 
a+b b+e c+t+a 'V (a+b)(b+c)(c+a) 


Solution. The given inequality is equivalent to 


a ab 2abc 2abe 
Dae a eee = al cones "Ga bybteetay 


cyc cye 


Using the known inequality” 


a 2abc 
Gaye Gab OCEe 


we can deduce it to 


| 


y ab Sy 2abc 2abc 
Sc(atb)(b+c) ~ \ (at+b)(b+c)(c+a) ' (a+b)(b+c)(c+a)’ 


@b+b’c+ca+abe > \/2abc(a+b)(b+c)(c +a). 
Now, we assume that c = min {a,b,c}, applying AM-GM Inequality, we have 


@b+b’ce+eCat+abe = a(ab+c?)+bc(a+b) 
a(a+c)(b+c) a(a—c)(b—c) 
= 74 cla +b) + 5 
S a(a ae +c) Lietaka 
a(a+c)(b+c) 
> 7 / At IO+ 2) peas) 
= /2abc(a+b)(b+c)(c +a). 


Our proof is completed. Equality holds if and only ifa =b=c. 


Problem 2.11 Show that ifa,b,c are positive real numbers, then 
ey? B\? c i a ab+b’c+ca—3abe 
a+b) '\b+c) ° \cta) —4° (a+b)(b+c)(e+a) ° 


a a ab 
(a+b)? a+b (a+b)?’ 


Solution. We have 


and 
a b Cc ab+b?c+ca+abe 


Geb BEC Oa ml (a+b)(b+c)(c+a) © 


?The proof will be left to the readers 


15 


Hence, the given inequality can be rewritten as 


ae 4abc % ab ___ be # ca 
4° (a+b)\(b+c)(e+a) ~ (a+b)? | (b+e)? © (e +a)?’ 


(3) | (He) (<2) = Pte as 


l6abc _ 
(a+b)(b+c)(c+a) 
2[(a+b)(b+c)(c +a) — 8abc] 
(a+b)(b+c)(c+a) 
2[(b+c)(a—b)(a—c) +(c+a)(b—c)(b—a)+(a+b)(c—a)(c—b)] 
(a+b)(b+c)(c+a) 
2 2 | eae | (b—c)(b—a) ae. 
(at+tb)(a+c) (b+c)(b+a)  (c+a)(c+b) 


Now, notice that 


The above inequality is equivalent to 
a—b - b-c fs c—a\? (G@=b)ig—c) Wb —e)lb-—@) .(e=a)(e—b) 
Gs) , Gas) : (5) 22 Tar ' 4e)(b+a) * (e+a)(erb)|’ 


a—b ey" 
> 
(SS -“) 20, 


which is obviously true. Equality holds if and only ifa = b orb=c orc=a. 


_b 
'D 


Cc 
Cc 


Problem 2.12 Let a,b,c be positive real numbers. Prove that 


(a? + b*)(b? +c”) (c? + a7) et+e+e2 ?* 
8a2b2c2 2 , 


ab+be+ca 


Solution I. Without loss of generality, we may assume that a > b > c, then we have that 


l| 


(a2 +b) (a2 +2) — + orery (b—c)*(8a? — b* — c* — 6b) >0, 


pag 


IV 


It suffices to prove that 
[4a? + (b+c)?] (b+c) és a +b* +c? 
l6abe ~ ab+be+ca’ 


This inequality is homogeneous, we may assume that b+ c = 1, putting x = bc, then a > 5 and i >x>0. 
The above inequality becomes 


4a* +1 5 Tt1-2x 
l6ax ~ a+x 
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(4a* + 1)(a+x) > 16ax(a? + 1—2x), 
32ax? — (16a? — 4a” + 16a—1)x+a(4a? +1) >0, 


2a(4x — 1)? + 2a(8x — 1) — (16a? — 4a? + 16a— 1) x +a (4a? +1) >0, 
2a(4x— 1)? + (1+ 4a? — 16a3)x +a(4a — 1) > 0, 
2a(4x — 1)? — (2a— 1) (8a? +2a+1)x+a(4a*—1) > 0, 


which is true because 


4a(4a* — 1) — (2a—1)(8a7 +2a+1) 
= (2a—1)?>0. 


aS 
— 
N 
gS 
— 
ae, 
— 
Co 
gS 
i) 
N 
gS 
— 
Ww 
cay 
aS 
Sg 
— 
aS 
gS 
i) 
— 
WN 
IV 


Our proof is completed. Equality holds if and only ifa=b=c. 


Solution 2. Puta = 1b = ae = i, then the above inequality becomes 


(x+y z)? (x? ty)(y7 | 2) (2 | x") > 8(x7y" + yz" 427x?)?. 


Notice that 
0? +y7) 67 42) 4:27) = 0? +9? $2700 49? 2? 4.2727) <2? 2. 


Thus, we can rewrite the above inequality as 


(x*y? hoya +27x7) [(x +y +2) Ge ET +27) - 8(x*y" yz +2°x’)]| > xyz" (x+y +z). 
Now, we see that 


(x+y +z)? (x7 + +27) —8(x7y? +72" +-27x’) 
- ye + 29 xy(x? +37) + 2xyz) ix - 6y xy? 


cye cyc cye cyc 
= yr (x—y)(x—z)+ 3 \xy(x S45) +xyz)\x 2 xyz) x. 
cye cyc cyc cyc 


It suffices to prove that 


xyz(x*y? Agee +2°x*) (x+y+z) > v7 (x+y a ae 


Vy +y?2? 42°x* > xyz(x+ytz), 


which is obviously true by AM-GM Inequality. 
Solution 3. Similar to solution 2, we need to prove that 


(x? +y?)(y? +27) (22 +x?) (x9ty +z)? > 8(x7y? +72? +27x?)?. 
By AM-GM Inequality, we have 


(xtytz? = x+y? +274 2xy+2yz+2zx 
2 Ax? y ; Ay?z? Az? x2 
x2 +y2 ' yet22 z+ x20 


IV 
cat 
i) 
AS 
N 


Hence, it suffices to prove that 


4mn 4n 
(m+n)(n+ p)(p+m) (miner baeed 
m+n n+p ptm 


4pm 


) > 8(mn+np+pm)’, 


2 2 


where m = a?,n = b?, p =’. 
This inequality is equivalent with 


mn(m—n)? +np(n—p)* + pm(p—m)? 20, 


which is obviously true. 
Solution 4. > Again, we will give the solution to the inequality 


(x7 +y)(7 +27) (2 +x?) (x4 y+zy SBOP? ye? 2 }*. 


Assuming that x > y > z, then by Cauchy Schwarz Inequality, we have 
(x7 +:27)(y? +27) > (xy +2"). 
Hence, it suffices to prove that 
(x7 +y?)(xy $27)? (x ty tz)? > 807 +2" +2727), 


2(x2 +2) (xy +27 )\(xt+y +z) > 40? +y?2? +2727), 


We have 
(x—y) (x—-y)? 
2@?+y) = x+y >x+y4 
xty+/2(2 +97) xty+vV2(x+y) 
ee es 30-9) 
= x+y 2x+yt+ ae 
x+y 2 8(x+y) 
Therefore 


2 xy(e+y)y/ 2? +7) +2(e+y) (+2) +2) 


8 8(x+y) 
It suffices to prove that 
32 (x—y)? 3(x—y)oz 
xy(xt+y)4/2(x? +y7) +2(x+y) (x +2) (+z) 4 “ Wen > 407 +727 +72), 
3¢-—y)* 21x? — 10xy +21y7) 2? 
xy rts) 2(x? +y7) an] + xyz [ ty | ( 8 12 (x+y) >0. 


3This proof seems to be the most complicated but the idea is very interesting. 
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We have 
xy +s) 2(08 +32) — Aap > xz rts) 2(8 432) Ary). 


Hence, it suffices to prove that 


3(x—y)? 21x? — 10xy+21y" 
fle) =| (+9) 2(x? +y7) a] txy [ ty | Gu = sa tz(x+y) >0 
Also, we have ; 
f@)-f0) = 3-2) (21x? + 13y? — 18xy — 8xz— 8yz) > 0. 
Therefore 
10x + 13y)(x—y)? 
f(z) 2 fy) =#| (+9) /262-+9") +y?) ty — 
8(x+y) 
2x(x — =e +y?+4xy)  y(10x + 13y)(x—y)? 3 
(x+y) /2(x? +y?) + 4ay 8(x+y) aa 
since 
2x(x? +y? + 4xy) y(10x + 13y) Qx(x?7 +? +4xy) y(10x+ 13y) 


> 
(xty)VJ2024y)+4xy 80 t+¥) A? +?) +4xy B(x +) 
8x3 + 22x*y — 15xy* — 133 @ 
8(a+b)? = 


Thus, our inequality is proved. 
Solution 5 (by Gabriel Dospinescu). We rewrite the inequality in the form 


1 ks hy? 
@ +++) (14742) > 8? +B +0). 


Setting a? + b* = 2x,b* +c? = 2y and c? +a” = 2z, then x,y,z are the side lengths of a triangle and we may 
rewrite the inequality as 


1 4) 1 1 5 Ftytz 
Vite af Aes Jxyz 


By Holder Inequality, we have 


cye 


3 
aes) [EPer=-a] > (xt+ytz)?. 


It suffices to show that 
xy2(x+y+z) > Px? (vy+z—-2), 
cyc 
which is just Schur’s Inequality for fourth degree. 
This completes the proof. 
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Problem 2.13 Let a,b,c be positive real numbers. Prove the inequality 


(b+c)? % (eta, (a+) 
a(b+c+2a) ' b(e+a+2b) ° cla+b+2c) ~~ 


Solution I. After using AM-GM Inequality, it suffices to prove that 


(a+b)(b+c)*(e+a)* > abc(a+b+2c)(b+¢+2a)(e+a+2b). 


Now, applying Cauchy Schwarz Inequality and AM-GM Inequality, we obtain 


(b+c)2(atb)(ate) > (b+c)? (a+ Vbe) 


> be(2a+b+c)’. 


Similarly, we have 


ab(a+b+2c)’, 
ca(c+a+26). 


(a+b)?(c+a)(c+b) 
(c+a)*(b+c)(b+a) 


Zz 
2 


Multiplying these inequalities and taking the square root, we get the result. Equality holds if and only if 
a=b=c. 
Solution 2. We need to prove the inequality 


(a+b)*(b+c)*(e+a)* > abc(a+b+2c)(b+¢+2a)(e+a+2b). 


According to the AM-GM Inequality, we have 


64 3 
7 abela +b+c) 


4 
Oat b+e) (ab +be+ ea), 


abc(a+b+2c)(b+c+2a)(c+a+2b) 


IA 


IA 


And we deduce the problem to 


64 


(a+b) (b+c)(e+a)* > —(a+b4+c)(ab+be+cay’, 


9(a+b)(b+c)(c+a) > 8(a+b+c)(ab+be+ca), 


ab(a+b)+bc(b+c) +ca(c+a) > 6abc, 


which is obviously true by AM-GM Inequality. 
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Solutions 


Solution 3 (by Materazzi). We will try to write the inequality as the sum of squares, which shows that the 


original inequality is valid. Indeed, we have 


yy as ei Cee 
a(2a+b-+c) 
b+c—2a 


= (a+b4 c)y) 
oea(2a+b+c) 


cyc 


a—b 


cyc 
a—b a—b 


7 abe) a a(2a+b4 


cye 
(a—b)?(2a+2b+c) 
ocab(2a+b+c)(2b+e+a)’ 


= (a+b+c) 


which is obviously nonnegative. 
Solution 4. We have the following identity 


4(b+c)* 27a (7a+4b+4c)(2a—b—c)* 


B3= 
a(Za+b+c) at+tb+t+e : a(at+b+c)(2a+b+c) ~ 


which yields that 
(b+c/? 4327 a 
a(Za+b+ec)~ 4 4 at+b+e 


It follows that 


y (b+c) 39 27 qa b ,—¢ 
aQat+b+c)~ 4 4 \atb+c at+bt+e a+b+ce 


cyc 


Problem 2.14 Let a,b,c be positive real numbers. Prove the inequality 


7 atb+e)) ae a(2a+b4 


a+b 


(b+c)* | (c+a/y’ (a+b)? a ( b+e cta 
b 


a+b+2c 


a(b+c+2a) | b(e+a+2b) | clat+b+2c) = tc ite ta+2b 


Solution I. We may write our inequality as 


Assuming without loss of generality that a > b > c, then we can easily check that 


b+c—2a<c+a—2b<a+b—2ec, 


). 


and 
b+c 


ct+a a+b 


a(2Za+b+c)~ b(2b+e+a)~ c(2e+a+b) 
Hence, we may apply the Chebyshev’s Inequality as follow 


V(b +c—2a) gale 


“a(2a+b +c) 


1 b+e 
< 3 Ee a 20 Eat 


cyc 
= 0. 


This completes the proof. Equality holds if and only ifa=b=c. 
Solution 2 (by Honey_suck). We have a notice that 


(b+c)(b+c—2a) 
bE a(2a+b+c) 


cyc 


which is obviously nonnegative. 
Solution 3. Again, we notice that 


= 


cyc 


y 


cye 


cyc 


ae (b+e a] 
a(2at+b+c) a(2a+b+c) 


aa | 
b(2b+c+a) a(2a+b+c) 


(a —b)* (2a? + 2b* +c? +3ab + 3bc + 3ca) 


ab(2a+b+c)(2b+c+a) 


(b+c)(b+c—2a) 3(b+c—2a) (3a+2b+2c)(2a—b—c)? 


>) 


= = 0. 
a(2a+b+c) 2(a+b+c) 2a(a+b+c)(2a+b+c) —~ 
It follows that 
yeas eye er 
me a(2atb+c) ~ 2eeatbte a 
Problem 2.15 Let a,b,c be positive real numbers. Prove that 
2 2 2 
(b+c) (c+a) (a+b) s9( Sou b ane 
a(b+c+2a) b(e+a+2b)  c(a+b+2c) b+e cta atb 
Solution. We see that 
(b+c) __ bte 4a 
a(b+c+2a) a 2a+b+ce 


Hence, we may write the inequality in the form 


cyc 


cyc 


b+c a a 
ps a ac) Spree zh eee 


cye 


Now, using Cauchy Schwarz Inequality, we have 


4a 


cyc 


ye -pG+er ee 


cye cyc 
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It suffices to show that 


a a 
yb 5) ey ets 


cyc cyc 
y a y 2a 
ooo ne meth te 


which is obviously true because 
a 2a 1 1 
= —— + — 
Lire Lat b +e da (4 =] 
4a 


i mele 
Bese 


cyc 


IV 


a 
8 
Lat 3b +e 


8(at+b+c)? 
Ya(2a + 3b +3c) 


cyc 


IV 


A(at+b+cy 
a* +b* +c? +3(ab+be+ca)’ 


and 
4(a+b+c)? —3(a? +b? +c?) —9(ab+be+ca) =a? +b’ +c —ab—be—ca>0. 


Equality holds if and only ifa =b=c. 


Problem 2.16 Let a,b,c be positive real numbers. Prove that 


b+bce+ea > (b+c—a)(c+a—b)(a+b—c)(a +b +c’). 


Solution I. By Schur’s Inequality for third degree, we have 
b+ +ca> > abe Eo +b)— ate : 
cyc 


It suffices to prove that 


abc Epi 4) sate > (b+c—a)(c+a—b)(a+b-c)(a +b +c’), 
cyc 


which is equivalent to each of the following inequalities 


b(a +b) —3ab 
POE RURe iia ts teens Ca Be) 
> 
et+b4+eé3 = abe , 
b(a +b) —3ab 
(b+c—a)(c+a—b)(at+b—c) Oe 
> 
abc — e+bh+eé 


>) 
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Ya(a—b)(a—c) Yal(a—b)(a—c) 


cye cyc 
> 
abc — @8+b6+4+c3 
(ehh ee = abc))\a(a —b)(a—c) >0, 
cyc 


>) 


which is obviously true by AM-GM Inequality and Schur’s Inequality for third degree. 
Solution 2. Without loss of generality, we may assume that a > b > c, then we have 2 cases 
Case 1. If b+-c < a, then the inequality is trivial since 


Case 2. If b+c > a, then we have 


(e+a—b)(at+b—c) = a —(b-—c)? <e’, 
bc} — a’ bc(b+c—a)* 


It suffices to prove that 


a(b' +c?) +a@bce(b+c—a)* > a? (b+c—a)(a +b? +c°), 


a(b? +?) +be(b+c—a)’ > (b+c—-a)(@ +b +c’). 


Now, since this inequality is homogeneous, we can assume that b+c = 1 and put x = bc, then | >a > 5 
and i > x > a(1—a). The above inequality becomes 


a(1—3x)+x(1—a)? > (1—a)(a* +1 —3x), 
f(x) = (4-8ata’)x+a*t—a? +2a-1>0. 


We see that f(x) is a linear function of x, thus 


fs) > min ¢(5) lata}. 


(3) _ @(2a—1) +0 


But, we have 


i , and f(a(1—a)) =(2a—1)?>0. 


Thus, our proof is completed. Equality holds if and only ifa =b=c. 
Solution 3 (by nhocnhoc). By expanding, we see that the given inequality is equivalent to 


Ya® + 3 ab? + 2abcy a’ > Yab(a* +b4)4 Yah? (a? +b?) + abc‘ ab(a +b), 
cyc cye cyc cye cye cye 


6 6 
le TO +34°? — abla +54) —a°b%(a? +6)| +abeY [a +b —ab(a+b)] > 0, 
oye cyc 

i 


sla + b* —3ab*)(a—b)? +abc)"(a— b)’(a+b) >0, 


cye Ne 
Sq(b—c)? +8(e — a)? +S.(a—b)* > 0, 
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where 
Sy = bt+c+—3b'c? +2abce(b +c), 
S, = ci+at—3c?a? +2abce(c +a), 
So = at+b*—3a7b? +2abc(a +b). 


Without loss of generality, we may assume that a > b > c, then it is easy to check that S,,S, > 0. Moreover, 
we have 


2a* +b* —3a°b* +.c4 + 2abc(2a+b+c) —3a’c? 
2a‘ +b* —3a°b* +.c4 + 2ac*(2a+b+c) —3a°c? 
= 2a‘ +b*—3a7b? +04 +ac*(a+2b+2c) 

> 2at+b4-3a*b* = (a* —b*) (2a? —b?) > 0. 


Sp+Se 


I 


IV 


It follows that 


IV IV 


This completes the proof. 


Problem 2.17 Jf a,b,c are positive real numbers such that abc = 1, show that we have the following in- 
equality 


3 3 3 a b Cc 3 
a@t+bh+ca> + + Ss 
b+c cta a+b 2 


Solution. By GM-HM Inequality, we have that 


4a 4b 4c 1 1 1 1 1 1 
t t +6 a|{—+-—]+6b + +c + +6 
b+c cta a+b boc c oa a b 


= a(b+c)+b’(c+a)+c? (a+b) +6abe 
< 2a*(b+c)+2b?(c+a)+2c?(a+b) 

= 2ab(a+b)+2bce(b+c)+2ca(c+a) 

< 2(a? +7) +2(0? +) +2(2 +07) 

= A(a+b+e°). 


IA 


Hence 


3 3 3 a b c 
t t = t 
Ora re akg cta a+b 
b 1 


Our proof is completed. Equality holds if and only if a = 


Remark 1 We can prove that the stronger inequality holds 


a+b+e 32 (s+4v3) (; + +— a 
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Indeed, this inequality is equivalent to each of the following 


34 3 13 
a+b+e 32 (s+4v3) (55 ! Ds ae 5) 


abc b+e cta a+b 2 


(a+b+c)¥ (a—b)(a-c) ( 
2 > (s42v2)T 


abc oye 


2a+b+c)(a—b)(a—c) 
(a+ b)(b+c)(c+a) 


X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) >0, 


where 


2v2) (2a+b+c) 


3 
3 Mert eno) a 1 (3 2v2) (2a+b+c) 


See ot o Gere ] (3+2v2) (2a+b+c) 
- Ceeg (a+b+c)(2a+b+c) = 
= 2a+b+e)| GLO 3 2v3] > 0 
and Y,Z are similar. 
Now, assume that a > b> c, then we see that Z > Y > X, thus 
X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) > Y(b-—c)(b—a)+Z(c—a)(c—b) 
> Y(b—c)(b—a)+Y(c—a)(c—b) 
= ¥(b-cY>0. 


Solution. Setting p=a+b+c,q=ab+bc+ca andr = abc. The given condition gives us g+r = 4, and 


we have to prove 
p —2q+2p+3(4—q) > 44, 


p’+2p+12>9¢. 
If p > 4, then it is trivial because 
p’+2p+12> 1648412 =36 > 9¢. 
If 4 > p > 3,4 applying Schur’s Inequality for third degree, we have 


p —4pq+9r > 0, 


‘In here, we have p > 3 because z + ze >q+r=4, which gives us p > 3. 


26 Solutions 


which yields that 
p’—4pq+9(4—q) >0, 
or 4 
gee +36 
4p +9 
It follows that 
3 
36 
p+ipei—o97 > pe 4294 1249-2 + 
4p+9 
_ ©pt18)(4~p)(P—-3) 5 9 


4p+9 aw 


This completes our proof. Equality holds if and only ifa=b=c=1 ora=b=2,c =0 and its cyclic 
permutations. 


Problem 2.19 Let a,b,c be real numbers with min {a,b,c} > ; and ab + bc+ca =3. Prove that 
a+b+c49abe > 12. 


Solution. Notice that from the given condition, we have 
9 3 3 1 
GR Es 2 acd I 
Cer 16 (ab + be + ea) 2 6th +e) > galb +c) 


It follows that 8a > b+ c. Similarly, we have 8b > c+aand 8c >a+b. 
Now, using AM-GM Inequality, we obtain 


36 = 4(ab+bc+ca)V/3(ab+bce+ca) 
3(ab+ be +ca) 
a+b+e 


IA 


2(ab+bc+ca) c tb+e+ 


And we deduce the inequality to 


6(ab + be +ca)* 
3 S 
aE" +27ahe> 2(Te) (Ze) ea Race ; 


cyc cyc cye 


3) a? +. 27abe — 2 (E°) (Ee) > oa? - “ sea 2 (E°) (Zes) 


cye cye cye cyc cyc 


We have 


cyc cyc cyc cyc 


39a? + 27abe —4 (E») (Ze) =) (a b—c)(a—b)(a—c), 


6(ab + be +ca)? 2(ab+be+ca 
ee 2 (En) (Le) = AS Ne mleno 


cye cye cye 
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Hence, we may write the above inequality as 


X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) >0, 


where 
_y2 
fee A(ab+bet+ea) | 6 2b —2e4 (b—c) 
a+b+c a+b+c 
2 
_ 4a(b+c)+(b+c) 6a-—2b —2¢ 
a+b+c 
2 ayy Seon 
6a“ + (b+c)(8a—b ey 
a+b+c 


and Y,Z are similar. 
We will now assume that a > b > c, then 


4a(b+c)+(b+c)* —4b(ce +a) —(c+ay? 


X-Y = + 8(a—b) 
a+b+c 
= 8(a—b) NG bees) TPA Wey axe 
a+b+c a+b+c 


It follows that 


X(a—b)(a—c)+Y¥(b—c)(b—a)+Z(c—a)(c—b) > X(a—b)(a—c)+Y¥(b—c)(b—a) 
> Y(a—b)(a—c)+Y(b-c)(b—a) 
= Y(a—b)>0. 


This completes our proof. Equality holds if and only ifa=b=c=1. 


Problem 2.20 Let a,b,c be positive real numbers such that a*b* + bc? +.c?a” = 1. Prove that 
(a? +b? +07)? +.abey/ (a2 +b? +c2)3 > 4. 


Solution. According to AM-GM Inequality and Cauchy Schwarz Inequality, we have 


(a2+b2+c?)3 > \3@ b? +c?) (a2b? + b2c? +. c2a*) 


= 3(a2 +b? +c*) >a+bte. 


It suffices to show that 
(a? +b? +0’)? +abce(a+b+c) >4, 


a+b++c+abclatbt+ce) >2(7V +h? +a’), 


Ya(a b)(a—c)+ abla bye 0; 


cyc cye 


which is obviously true by Schur’s Inequality for fourth degree. Equality holds if and only ifa =b =c= 4. 


si 


or a=b=1,c =0 and its cyclic permutations. 
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Problem 2.21 Show that ifa,b,c are positive real numbers, the following inequality holds 


(a+b+c)(ab+be+ca) + (ab+be+ca)* > 4abc(a+b+c)?. 


Solution. Setting x = i, y= iz = i, then we may write the above inequality in the form 


(x+y +z)? (xy+yzt+z2x)? +xy2(xt+y+z)? > 4(xyt+yztzx). 
Using AM-GM Inequality, we have 
xyz(xty+z)> > 3xy2(x+y+z)(xy+yz+zx), 
and we can deduce the inequality to 


(x+y +z)? (xy+yzt+zx) + 3xy2(xty+z) > 4(xyt+yztzx)’, 


which can be easily simplied to 


xy(x a? +yz(y a +2x(z =¥ 7 >0, 


which is obviously true and this completes our proof. Equality holds if and only ifa = b=c. 


Problem 2.22 Let a,b,c be real numbers from the interval [3,4]. Prove that 


atb+e) (C+ 24S) a3 +042), 
Cc a 


Solution I. The given condition shows that a,b,c are the side lengths of a triangle, hence we may put 
a=y+z,b =z+xandc=x+y where x,y,z > 0. The above inequality becomes 


X+Y)(X+Z 
(x+y+z) » posure >30°+y 42? +xy+yz+zr). 
cyc yrzZ 
We have 
(x +y)(x +z) x(x +y)(x +z) 
(x+y+z) yy = y +¥(x ty)(x +z) 
cyc yVrz cyc yVrz cyc 
2 
X(X* + YZ 
= y ( y2) +2) x° +3) xy. 
cyc Vz cyc cyc 
From this, we may rewrite our inequality as 
2 2 2 
rorty2) +e) Pt) oa ya 
yrz Z+X x+y 
x(x-Y)(%=Z) | YY=ZY=*) , AZ—*)E-Y) S 
y+z z+x x+y as 


which is obviously true by Vornicu Schur Inequality. 
Equality holds if and only ifa =b=c. 
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Solution 2 (by nhocnhoc). We will rewite the inequality as 


a*b* + b*c* +.c*a? — abc(a-+b+c) . 3(a? +b? +c*) —(a+b+c)* 
abc =~ a+b+e 


a 2. 2 b 2, 2 Cc 2 2 
> 
(= a) eo) +(2 a) q) +($ a) @ by 20, 


5a(b—cy +8,(c—a) +S.(a —p)? > 0, 


z) 


where 
a 2 b 2 c 2 


— —- ———_.,, §, = —- ——_,, §& = — - —_.. 

be a+b+c ca atbt+e “ab at+tb+e 

Without loss of generality, we may assume that a > b > c. It is easy to see that S, > S, > S.. Moreover, we 
have 


Sa= 


4 2 4 bes 
Cire eee ee _ 2(b+c-a) 


= >0 
ca ab a+b+c” a a+t+b+e a+b+c 


sinceeb+c>4> a. 
It follows that S, > S, > 0. And we obtain 


Sa(b—c)* +S,(ce—a)* +S.(a— by? 


This completes the proof. 


Problem 2.23 Given ABC is a triangle. Prove that 
8 cos” A cos” Bcos* C + cos 2A cos2B cos 2C >0. 


Solution (by Honey_suck). Since cos” A+ cos” B+cos? C +2cosA cos BcosC = 1 andcosAcosBcosC < 7 ; 
it follows that 


cos” A + cos* B + cos*C > 


9 


| 


and 


(1 — cos? A — cos” B— cos”C)” = 4cos” A cos” Bos” C. 


Setting a = cos*.4,b = cos” B and c = cos*C, thena+b+c> 3 and (a+b+c—1)* = 4abc. We need to 
prove that 


8abe + (2a — 1)(2b—1)(2c—1) > 0, 
l6abe+2(at+b+c) >4(ab+be+ca) +1, 
A(a+b+c—1)*+2(at+b+c) >4(ab+be+ca)+1. 


By Schur’s Inequality for third degree, we have 


(a+b+c)> +9abe 
a+b+e 
A(a+b+c)?+9(a+b+c—1) 
4(at+b+c) 


4(ab+ bce +ca) 


IA 
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It suffices to show that 
A(at+b+c)>+9(atb+c-1) | , 


re) 


4(a+b+c—1)*+2(a+b+c) > 


4(a+b+c) 
4 3 —] 2. 
4(p—1)2+2p > —P = 11, (p=a+b+c) 
=! _4)2 
sd eae 10 aes a 
4p , 


. . . . 3 
which is obviously true since p > 7. 


Problem 2.24 Let a,b,c be positive real numbers such that a+b+c=3 and ab+bc+ca > 


2max {ab,bc,ca}. Prove that 
CLR LOS eee hea. 


Solution. The desired inequality is equivalent to each of the following inequalities 


(at+b+c)*(a* +b? +c*) > 9(a°b? +. Bc? +. ca"), 


9 


oben s MER BE LE 
9(a7b* + b*c? + c*a") 
a? +b? +c? 
3¥ (a* —b7)(a* —c?) 
aa > 2)\(a—b)(a—c), 


a? + b? + c? oe 


X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) >0, 


> 3(a? +b +c’) —(atb+c)’, 


where 

X = 3(a+b)(at+c)—2(a’ +b? +c’) +2(b-c)? 
a’ +3a(b+c)—be > ab +be+ca—2be 
ab + bc +ca—2max {ab, bc,ca} > 0, 


IV 


and Y,Z are similar. 
Now, we assume that a > b > c, then 


It follows that 


X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) > X(a—b)(a—c)+Y¥(b—c)(b—a) 
> Y(a—b)(a—c)+Y(b-—c)(b—a) 
= Y(a—b)>0. 


This completes our proof. Equality holds if and only ifa=b=c. 


